While quantum entanglement is known to be monogamous (i.e. shared entanglement is restricted in multi-partite settings), here we show that distributed entanglement (or the potential for entanglement) is by nature polygamous. By establishing the concept of one-way unlocalizable entanglement (UE) and investigating its properties, we provide a polygamy inequality of distributed entanglement in tripartite quantum systems of arbitrary dimension. We also provide a polygamy inequality in multi-qubit systems, and several trade offs between UE and other correlation measures.
I. INTRODUCTION
Quantum entanglement is a non-local quantum correlation providing a lot of useful applications in the field of quantum communications and computations such as quantum teleportation and quantum key distribution [1, 2, 3] . This important role of quantum entanglement has stimulated intensive study in both way of its quantification and qualification.
One of the essential differences of quantum correlations (especially, quantum entanglement) from other classical ones is that it cannot be freely shared among the parties in multipartite quantum systems. In particular, a pair of components that are maximally entangled cannot share entanglement [4, 5] nor classical correlations [6] with any part of the rest of the system, hence the term Monogamy of Entanglement (MoE) [7] . Monogamy of entanglement was shown to have a complete mathematical characterization for multi-qubit systems [5] using a certain entanglement measures, the concurrence [8] .
Whereas MoE shows the restricted sharability of multiparty quantum entanglement, the distribution of entanglement, or Entanglement of Assistance (EoA) [9, 10] in multipartite quantum systems was shown to have a dually monogamous (or Polygamous) property. Using Concurrence of Assistance (CoA) [11] as the measure of distributed entanglement, it was also shown that whereas monogamy of entanglement inequalities provide an upper bound for bipartite sharability of entanglement in a multipartite system, the same quantity provides a lower bound for distribution of bipartite entanglement in a multipartite system [12] . In this paper, by introducing the concept of One-way Unlocalizable Entanglement (UE), we provide a polygamy inequality of entanglement in tripartite quantum systems of arbitrary dimension using entropic entanglement measure. Based on the functional relation between concurrence and entropic measure in * Electronic address: jkim@qis.ucalgary.ca two-qubit systems, we provide a polygamy inequality in multi-qubit systems. We also provide several trade offs between UE and other correlations such as EoA, and localizable entanglement.
The paper is organized as follows. In Sec. II, we provide the definition of UE, and its basic properties. In Sec. III, we provide a polygamy inequality of distributed entanglement in tripartite quantum systems in terms of entropy and EoA. In Sec. IV, we generalize the polygamy inequality of entanglement into multi-qubit systems, and provide a more tight polygamy inequality for three-qubit systems. In Sec. V, we provide several trade offs between UE and other correlations, and we summarize our results, in Sec. VI.
II. ONE-WAY UNLOCALIZABLE ENTANGLEMENT
A. Definition
For any bipartite quantum state ρ AB , its one-way distillable common randomness [13] is defined as
where, the function I ← (ρ AB ) [14] is
and where the maximum is taken over all the measurements {M x } applied on system B. Here, S(ρ A ) is the von Neumann entropy of
is the probability of the outcome x, and ρ
x is the state of system A when the outcome was x.
For a tripartite pure state |ψ ABC with ρ A = tr BC |ψ ABC ψ|, ρ AB = tr C |ψ ABC ψ|, and ρ AC = tr B |ψ ABC ψ|, it was shown that [6] 
where the maximum is taken over all possible rank-1 measurements {M x } applied on system B.
Since |ψ ABC is a pure state, all possible pure state decompositions of ρ AC can be realized by rank-1 measurements of subsystem B, and conversely, any rank-1 measurement can be induced from a pure state decomposition of ρ AC . Thus, the second term on the right hand side of Eq. (9) is the maximum average entanglement over all possible pure state decomposition of ρ AC , which is the definition of E a (ρ AC ), and this completes the proof.
By definition, the UE of ρ AB is the difference between S(ρ A ) and E a (ρ AC ). Here, S(ρ A ) quantifies the entanglement of the pure state |ψ A(BC) with respect to the bipartite cut A-BC, whereas E a (ρ AC ) measures the maximum average entanglement that can be localized on the subsystem AC with the assistance of B. The terminology used is then clear. 
where Proof. Let {M x } and {N y } be the optimal rank-1 measurements on subsystems B and
where
, and the second equality is due to the additivity of von Neumann entropy and the definition of
By Lemma 2, we can assure the existence of the regularized UE
which satisfies
2. Simple Lower Bound Lemma 3. For any bipartite state ρ AB ,
Proof. Let |ψ ABC be a purification of ρ AB , then due to the monotonicity of entanglement, we have
where ρ AC = tr B |ψ ABC ψ|. Thus, together with Lemma 1, we have
where the last equality is due to the purity of |ψ ABC , that is, S(ρ C ) = S(ρ AB ).
Since |ψ ⊗n ABC is a purification of both ρ ⊗n AB and ρ ⊗n BC , we have
By taking the limit n → ∞, and due to the relation [16] lim
we have that
Eq. (20) implies that, in the asymptotic limit of many copies, separable states do not exhibit quantumness in their correlations, or their correlations are completely erasable. This is a strong evidence that the distinction between separable and entangled states is operational only in asymptotic sense, since separable states can exhibit non-zero UE in finite case.
III. POLYGAMY OF ENTANGLEMENT IN TRIPARTITE QUANTUM SYSTEMS
For any bipartite pure state |φ AB , its concurrence, C(|φ AB ) is defined as [8] 
where ρ A = tr B (|φ AB φ|). For any mixed state ρ AB , its concurrence is defined via convex-roof extension, that is,
where the minimum is taken over all possible pure state decompositions, ρ AB = k p k |φ k AB φ| k . As a dual value to concurrence, CoA [11] of ρ AB is defined as
where the maximum is taken over all possible pure state decompositions of ρ AB . By using concurrence and CoA as the quantification of bipartite entanglement, it was shown that there exists a polygamy relation of entanglement in multi-qubit systems [12] . More precisely, for any pure state |ψ A1···An in an n-qubit system H A1 ⊗ · · · ⊗ H An where
where C A1(A2···An) is the concurrence of |ψ A1···An with respect to the bipartite cut A 1 and A 2 · · · A n , and C a A1Ai
is the CoA of ρ A1Ai = tr A2···Ai−1Ai+1···An |ψ A1···An ψ| for i = 2, . . . , n.
In this section, we provide an analytic upper bound of UE in Eq. (8), and derive a polygamy inequality of entanglement in terms of von-Neumann entropy and EoA for tripartite quantum systems of arbitrary dimension.
First, for an upper bound of UE, we have the following theorem.
Theorem 4. For any bipartite state
Proof. Let ρ B = dB−1 i=0 λ i |e i B e i | be a spectral decomposition of ρ B = tr A (ρ AB ) where d B is the dimension of the subsystem H B . The proof method follows the construction used in [17] . For any state σ ∈ H B , define the channels
where {|ẽ j } j is the Fourier basis such that,
and
is the d-th root of unity.
We can also write
where Z and X are generalized d B -dimensional Pauli operators,
In the following, we will write
The induced ensembles on A by the channels M 0 and M 1 will be denoted by E 0 := {λ i , σ i A } i and E 1 := { 1 dB , τ j A } j , and the entropy defects of the induced ensembles on A will be denoted as
By defining a four-partite quantum state
we have
,
By straightforward calculation, we can obtain
where I(Ω X(AB) ) is the mutual information of Ω X(AB) with respect to the bipartite cut X −AB, and the second, third equalities are due to the joint entropy theorem [18] . Analogously, we have
Due to the independence of subsystems X and Y , we have I(Ω (XY )(AB) ) ≥ I(Ω X(AB) ) + I(Ω Y (AB) ), which implies
Since χ(E 0 ) and χ(E 1 ) of Eq. (37) can be ob-tained, respectively, from ρ AB by rank-1 measurements {|e i B e i |} i and {|ẽ j B ẽ j |} j of subsystem B, by defining a rank-1 measurement
which completes the proof.
Corollary 1.
For any tripartite pure state |ψ ABC , we have
Proof. By Lemma 7, we have
and thus,
(42) Now, by Theorem 4, we have
Corollary 1 tells us that for a tripartite pure state of arbitrary dimension, there exists a polygamy relation of entanglement in terms of entropy of entanglement and EoA. Furthermore, this is, we believe, the first result of the polygamous (or dually monogamous) property of distribution of entanglement in multipartite higherdimensional quantum systems rather than qubits.
IV. POLYGAMY RELATION OF ENTANGLEMENT IN MULTI-QUBIT QUANTUM SYSTEMS
In this section, we show that the polygamy inequality of entanglement in Corollary 1 can be generalized into multipartite quantum systems for the case when each subsystem is a two-level quantum system. By investigating the functional relation between concurrence and EoF in two-qubit systems [8] , we show that there exists a polygamy inequality of entanglement in terms of entropy and EoA in n-qubit systems. We also show that, in three-qubit systems, we have a more tight polygamy inequality than Eq. (40) in Corollary 1.
First, let us consider the functional relation of concurrence with EoF in two-qubit systems. For a 2-qubit mixed state ρ AB (or a pure state |ψ AB ∈ C 2 ⊗ C d ), the relation between its concurrence, C AB and E f (ρ AB ) can be given as a monotone increasing, convex function E [8] , such that
and H(·) is the binary entropy function
relates also the EoA of a bipartite state ρ AB with its CoA via the equation
which is due to the convexity of E and the definition of EoA. The following lemma shows an important property of the function E(x).
Lemma 5.
Proof. By considering
as a two-vairable real-valued function on the domain
Since D is a compact subset in R 2 , whereas f is analytic on the interior of D, and continuous on D, the minimum value of f arises only on the critical points or on the boundary of D. It can be directly checked that f does not have any vanishing gradient on the interior of D, and has non-negative function values on the boundary of D. Thus, f is non-negative on the domain D.
A. Three-qubit systems
A direct observation from [4] shows that, for a 3-qubit pure state |ψ ABC ,
where C AB and C a AC are the concurrence and concurrence of assistance of ρ AB and ρ AC respectively. (Later, Eq. (49) was formally shown in [19] .) From Eq. (49) together with Lemma 5, we have the following theorem.
Theorem 6. For a three-qubit pure state |ψ ABC ,
Proof. Since |ψ ABC is a bipartite pure state in C 2 ⊗ C 4 with respect to the bipartite cut A and BC, we have,
Thus,
where the first inequality is by Lemma 5, and the second inequality is by Eq. (46).
Thus, the polygamy relation of distributed entanglement in tripartite quantum systems obtained in Corollary 1 can have a more tight form in three-qubit systems. Furthermore, the result of Theorem 6 together with Eqs. (3) and (7) give us the following corollary.
Corollary 2. For any two-qubit mixed state ρ AB with rank less than or equal to two,
Remark 1. Eq. (54) of Corollary 2 implies that any two-qubit separable state ρ AB of rank less than or equal to two has zero UE, E ← u (ρ AB ) = 0. However, this is not generally true for two-qubit separable states of rank larger than two. Here, we provide an example of twoqubit rank-three separable state with non-zero UE.
Example: Let us consider the following state in C 2 ⊗ C 2 ⊗ C 3 quantum system [20] ,
where |x and |y are two orthogonal states in the C 2 ⊗C 3 such that
First, since ρ A = (|0 A 0| + |1 A 1|)/2, it is clear that C A(BC) = 2(1 − trρ 2 A ) = 1, therefore we have S(ρ A ) = 1.
Since ρ AC = (|x AC x|+ |y AC y|)/2, Hughston-JozsaWootters (HJW) theorem [21] says that for any decompositions of ρ AC = i p i |φ i AC φ i |, there exists an unitary operator (u ij ) such that
with |ψ i = (u * i2 |0 + u * i1 |1 )/ √ 2p i , and we obtain that C(|φ i AC ) = 2 √ 2 3 for any pure state |φ i AC in any pure state decomposition of ρ AC .
Since |φ i AC is a 2 ⊗ 3 pure state, we have
and thus
3 − log 2 3 > 0, whereas, it can be easily seen that ρ AB has a Positive Partial Transposition (PPT) which is equivalent to separability for two-qubit states [22] . Thus, ρ AB is a two-qubit, rank-three separable state with non-zero UE.
B. n-qubit systems
The polygamy inequality of entanglement in n-qubit systems in Eq. (24) gives us an inequality
Thus, together with Lemma 5, we have the following theorem.
Theorem 7. For any n-qubit pure state |ψ A1···An ,
Proof. First, let us assume that (C
2 ≤ 1, then we have
where the first inequality is due to the monotonicity of the function E, the second and third inequalities are obtained by iterating Lemma 5, and the last inequality is by Eq. (46). Now, assume that (
Let us first note that there exist k ∈ {2, . . . , n−1} that satisfies
and let
Since, (C a A1A k+1
where the first and second inequalities are by Lemma 5 and by monotonicity of E, and the last inequality is by Eq. (46).
V. UNLOCALIZABLE ENTANGLEMENT VERSUS OTHER MEASURES OF CORRELATION
In this section, we provide some properties of UE concerned with several other correlation measures. By investigating the relation between UE and EoF in 2 ⊗ 2 ⊗ d quantum system, we show that any two-qubit state with zero UE is a separable state. We also provide a quantitative relation among entropy, localizable entanglement, and UE for tripartite mixed states.
Let |ψ ABC be a tripartite pure state in
Theorem 8. For any 2-qubit state ρ AB ,
Proof. Suppose S(ρ A ) = E a (ρ AC ), and let ρ AC = i p i φ i AC φ i be an optimal decomposition such that, 
for all i, and
where C A(BC) is the concurrence of |ψ ABC between subsystems A and BC, and E(·) is the function in Eq. (45). Since E(·) is strictly monotone increasing, (the first derivative d dC E(C) is 0 at C = 0 and positive elsewhere), we have
therefore
Now, by the Theorem 3 in [20] , we have C(ρ AB ) = 0 where ρ AB is a 2-qubit state, which implies E f (ρ AB ) = 0.
Any two-qubit state with zero UE is separable by Theorem 8, and any two-qubit separable state with rank less than or equal to two has zero UE by Corollary 2. However, the converse of Theorem 8 is not generally true, since Remark 1 provides us a two-qubit separable state with non-zero UE.
B. Tripartite Mixed State
Since it is known that the EoA is not a bipartite measure nor an entanglement monotone [23] , it is not clear yet if there is any quantitative relation between E a (ρ AB ) and E a (ρ A(BD) ) for a tripartite mixed state ρ ABD . In fact, this is equivalent to the quantitative relation between E ← u (ρ AC ) and E ← u (ρ A(CD) ). This is because, if we consider a purification |ψ ABCD of ρ ABD , then any direction of a quantitative relation between E a (ρ AB ) and E a (ρ A(BD) ), say E a (ρ AB ) ≤ E a (ρ A(BD) ), would give us
). In this section, we pay our attentions only to local rank-1 measurements of each subsystems, and we derive a quantitative relation between localizable entanglement, and UE for tripartite mixed states.
For ρ ACD = tr B |ψ ABCD ψ|, let us define
where p xy ≡ tr[(I A ⊗M x ⊗N y )ρ ACD ] is the probability of the outcome x and y on subsystems C and D respectively, and ρ
xy is the state of system A when the outcome were x and y. The minimum in Eq. (74) is taken over all possible rank-1 measurements {M x } and {N y } on subsystems C and D respectively. By definition, we have
Furthermore, we have the following lemma.
Lemma 9. For any tripartite state ρ ACD ,
Proof. For ρ ACD , let {M x } and {N y } are the optimal rank-1 measurements of C and D respectively, such that
Due to the concavity of von Neumann entropy, we have
and the second inequality is due to the definition of E ← u (ρ AC ). Now, we are ready to have the following theorem.
Theorem 10. For any tripartite mixed state ρ ABC with a purification |ψ ABCD ,
where E a (ρ AB ) is the localizable entanglement [24] of ρ AB , defined by E a (ρ AB ) = max 
and Lemma 9 completes the proof.
Theorem 10 can be considered as an alternative of Lemma 1 for mixed states case. Furthermore, Theorem 10 together with Lemma 1 give us the following simple corollary.
Corollary 3. For any tripartite mixed state ρ ABC with a purification |ψ ABCD , E a (ρ A(BC) ) ≥ E a (ρ AB ).
(84)
Proof. By Theorem 10, we have
for any pure state |ψ ABCD , whereas
for the tripartite partition A − BC − D.
VI. CONCLUSION
In this paper, we have proposed the concept of UE, and shown that the polygamous nature of distributed quantum entanglement in multipartite systems is strongly due to this unlocalizable character. As the mathematical interpretation for this polygamous nature of quantum entanglement, we have established polygamy inequalities of entanglement in tripartite quantum systems with arbitrary dimension, and multi-qubit systems. We have also provided several trade offs between UE and other correlations such as EoA, and localizable entanglement. This is the first result where polygamous property of quantum entanglement in multipartite higherdimensional quantum systems is provided. Furthermore, the proposed inequalities are in terms of the entropic entanglement measures such as entropy of entanglement for pure states and EoA. In other words, the proposed polygamy inequalities of distributed entanglement have been shown in terms of the actual quantification of entanglement with operational meanings, rather than using other entanglement measures such as concurrence.
